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Outline
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Motivation and background

MmWave beam-selection 
using sub-6 GHz information

1

MmWave link configuration 
using passive radar

3MmWave +
out-of-band 2

MmWave covariance estimation 
using sub-6 GHz information



Why millimeter wave communication?
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Sharing local sensor data
for cooperative perception

Infotainment & 
cloud services

High definition 3D 
map download (~Gbyte)

High bandwidth makes mmWave suitable for several future applications

High speed
internet access



More antennas and hardware constraints
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Low overhead link configuration challenging for mmWave

Many antennas at 
the TX and RX

Directional transmission/reception 
for sufficient link margin

Hardware constraints impact 
how the antennas are used

Significant fraction of channel 
coherence time spent in training

RF
Chain

RFainADC

RF
Chain

RFainADC

Baseband…



Out-of-band information
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Out-of-band info. available but challenges in using it

Cellular commun. [1] WiFi [2][3] V2X commun. [4]

5G NR

5G-CNEPC

LTE

Control plane Data plane

New Radio

IEEE 802.11n at 2.4 GHz

IEEE 802.11ac at 5 GHz

IEEE 802.11ad at 60 GHz

[1] www.3gpp.org/news-events/3gpp-news/1929-nsa_nr_5g
[2] L. Verma, M. Fakharzadeh, and S. Choi, "Wifi on steroids: 802.11 ac and 802.11 ad", IEEE Wireless Commun., vol. 20, no. 6, pp. 30–35, Dec. 2013.
[3] T. Nitsche, A. B. Flores, E. W. Knightly, and J. Widmer, “Steering with eyes closed: mm-wave beam steering without in-band measurement,” in Proc. INFOCOM, Apr. 2015, pp. 2416–2424. 
[4] J. Choi, V. Va, N. Gonzalez-Prelcic, R. Daniels, C. R. Bhat, and R. W. Heath Jr., “Millimeter wave vehicular communication to support massive automotive sensing,” IEEE Commun. Mag., vol. 54, no. 12, pp. 
160–167, Dec. 2016.

Sub-6 GHz: difference in array size Sensors: physical separation



MmWave link configuration using out-of-band information
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Contribution II
Covariance estimation using  

sub-6 GHz information 

Contribution III
Link configuration 
using passive radar

Contribution 1
Beam-selection using 

sub-6 GHz information 

Thesis statement: Out-of-band aided mmWave link configuration has a 
low training overhead in comparison with in-band only link configuration. 



Millimeter	wave	beam-selection	using	
sub-6	GHz	information	
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Contribution I

A. Ali and R. W. Heath Jr., “Compressed beam-selection in 
millimeter wave systems with out-of-band partial support 
information,” in Proc. IEEE Int. Conf. Acoust., Speech Signal 
Process. (ICASSP), Mar. 2017, pp. 3499–3503. 

A. Ali, N. Gonzalez-Prelcic, and R. W. Heath Jr., “Millimeter 
wave beam-selection using out-of-band spatial 
information,” IEEE Trans. Wireless Commun., vol. 17, no. 2, 
pp. 1038–1052, 2018. 



Is it possible to use sub-6 GHz info. for mmWave?
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Spatial characteristics across frequencies on the order of few MHz are similar [1]

Spatial channel characteristics similar across several GHz [2]

 

Document: H2020-ICT-671650-mmMAGIC/D2.1 
Date: 31/03/2016 Security: Public 

Status: Final Version: 1.0 

 

mmMAGIC Public 83 
 
 
 

 

Figure 6.30: Measurement scenario. The Tx antenna was placed close to the Rx antenna in the 
LOS measurements, and, in a small kitchen in the end of the office space in the NLOS measure-

ments. 
 

In Figure 6.31, both the power propagation distance profiles and the LOS directional power 
distributions are shown for the measured frequencies. The similarity of characteristics over the 
full frequency range 5.8-58.7 GHz is striking except for NLOS where one strong cluster at 
about 70 m propagation distance in the 14.8 GHz power propagation distance profile which is 
absent at 5.8 GHz. This difference is, however, explained by that the windows, by occasion, 
block transmission at 5.8 GHz whereas they are fully transparent at 14.8 GHz. The 
phenomenon is due to interference by multiple reflections between the multiple layers of the 
windows and the corresponding attenuation is heavily oscillating over the full frequency range. 
At 14.8 GHz this effect results in a very significant pathway out of the window which is 
reflected back in again by an adjacent building.  

The results for both LOS and NLOS are summarized in Figure 6.32. No clear frequency trend 
is observed neither for delay spread nor angle spreads for the LOS scenario. For the NLOS 
scenario the delay spread is substantially larger at 14.8 GHz than at 5.8 GHz. This is however 
due to the window effect explained above. To summarize no clear frequency trend is observed 
neither for delay spread nor for angle spread.  

 

Figure 6.31: Directional power distributions (upper) and power propagation distance profiles 
(lower left) for the three frequencies 5.8 GHz, 14.8 GHz and 58.7 GHz in the LOS scenario. The 
lower right graph show the power propagation distance profiles for the NLOS scenario which 

was measured only at 5.8 GHz and 14.8 GHz. 

 

LOS 5.8 GHz LOS 14.8 GHz LOS 58.7 GHz 

Pow
er relative to free 

space at 1.5 m
 [dB] 

Spatial congruence observed in channels separated by several GHz
[1] T. Aste ́, P. Forster, L. Fety, and S. Mayrargue, “Downlink beamforming avoiding DOA estimation for cellular mobile communications,” in Proc. ICASSP, 1998.
[2] M. Peter et al., “Measurement campaigns and initial channel models for preferred suitable frequency ranges,” Millimetre-Wave Based Mobile Radio Access Network for 5 Integrated Communications, Tech. 
Rep., 2016.
[3] R. C. Qiu and I.-T. Lu, “Multipath resolving with frequency dependence for wide-band wireless channel modeling,” IEEE Trans. Veh. Technol., vol. 48, no. 1, pp. 273–285, Jan. 1999.
[4] M. K. Samimi and T. S. Rappaport, “3-D millimeter-wave statistical channel model for 5G wireless system design,” IEEE Trans. Microw. Theory Techn., vol. 64, no. 7, pp. 2207–2225, Jul. 2016.

Number of paths, cluster power decay similar at 
28 GHz and 73 GHz [4]

Late arriving multi-paths have more 
frequency dependence [3]



Multi-frequency communication set-up
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Weighted compressed sensing

Sub-6 GHz info. in compressed beam-selection
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Sub-6 GHz info. incorporated using weighting and structured random beams

Structured random beams

Fair gain in the 
strong channel 

direction

Strong sub-6 
GHz channel 

directions

No prior information Prior info. from sub-6 GHz
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Simulation results

MmWave Only

Sub-6 GHz aided

Coherence time in symbols

11
Sub-6 GHz info. reduces the overhead of exhaustive search by up to 4x

Parameter Value
Sub-6	GHz frequency 3.5 GHz

Sub-6 GHz	bandwidth 150	MHz

MmWave frequency 28	GHz

MmWave	bandwidth 800	MHz

Sub-6 GHz	(TX/RX)	antennas 2/8

MmWave	(TX/RX)	antennas 16/64

Effective rate

Based on proposed multi-frequency 
channel generation method

✓̂ 6= ✓
fr +

�
2 t

�⌧
2⇡fr⌧ � ⇡�⌧2

fr +�f
✏
�⌧ +�f � �t

2
2⇡fr⌧ � ⇡�⌧2 + ✏

sin ✓̂ =

⇣
1 +

Br
2fr

⌘
sin ✓

256 antennas
fr = 76GHz

Br = 1.2GHz

�/2
NTX

NRX

1

ej
2⇡d
� sin ✓

ejm
2⇡d
� sin ✓

ej(M�1) 2⇡d
� sin ✓

...
1

ej
2⇡d
� sin ✓ej

2⇡d
� sin ✓

ejm
2⇡d
� sin ✓ejm

2⇡d
� sin ✓

ej(M�1) 2⇡d
� sin ✓ej(M�1) 2⇡d

� sin ✓

...

Re↵ =

✓
1� NTXNRX

Tc

◆
R (1)

1



Qualifying exam feedback: Outdated information
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Time evolution of channels Result

High quality outdated information helps, but difficult to obtain
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Summary
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Contributions

Proposed a multi-frequency channel model 

Formulated the compressed beam-selection problem

Used sub-6 GHz information in beam-selection problem

Results
Weighting and structured codebooks reduce overhead

Up to 4x reduction compared to exhaustive search



Millimeter	wave	channel	covariance	
estimation	using	sub-6	GHz	information
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Contribution II

A. Ali, N. Gonzalez-Prelcic, and R. W. Heath Jr., “Estimating 
millimeter wave channels using out-of-band 
measurements,” in Proc. Inf. Theory Appl. (ITA) Wksp, Feb. 
2016, pp. 1–5.

A. Ali, N. Gonzalez-Prelcic, and R. W. Heath Jr, “Spatial 
Covariance Estimation for Millimeter Wave Hybrid 
Systems using Out-of-Band Information,” IEEE Trans. 
Wireless Commun (early access).



MmWave channel covariance
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Why estimate covariance? Challenges in estimating covariance

Covariance varies much slowly 
compared to instantaneous channel

Less frequent training/low training 
overhead

Performance comparable to 
instantaneous channel knowledge in 

limited scattering channels [1]

[1] A. Alkhateeb et al., “Hybrid precoding for millimeter wave cellular systems with partial channel knowledge,” in Proc. Inf. Theory Appl. (ITA) Wksp, Feb. 2013, pp. 1–5.

Not direct access to the channel at mmWave 
due to hardware constraints

Use sub-6 GHz channel covariance to estimate mmWave channel covariance

Sub-6 GHz covariance estimation easy

RF
Chain

RFainADC

RF
Chain

RFainADC

Baseband



Sub-6 GHz to mmWave covariance translation
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The size of the covariance matrices is very different

Given sub-6 GHz covariance estimate

E = Z
⇤
HW (1)

y ⇡ (FT ⌦Q
⇤)(Wc ⌦ Z)vec(E) + n (2)

 (3)

e = vec(E) (4)

minimize kekw,1

subject to ky � ek2  ✏
(P1)

T
⇤
RULT = RDL (5)

Rs (6)

R̂m = f(Rs) (7)

1

Estimate of the mmWave cov. matrix

E = Z
⇤
HW (1)

y ⇡ (FT ⌦Q
⇤)(Wc ⌦ Z)vec(E) + n (2)

 (3)

e = vec(E) (4)

minimize kekw,1

subject to ky � ek2  ✏
(P1)

T
⇤
RULT = RDL (5)

Rs (6)

R̂m = f(Rs) (7)

1

sub-6GHz MmWave

Dimension mismatch creates challenges in covariance translation



Related work
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Spatio-temporal covariance translation 
based on 2D interpolation [3]

[1] M. B. Khalilsarai et al. "FDD Massive MIMO via UL/DL Channel Covariance Extrapolation and Active Channel Sparsification", IEEE Trans. Wireless Commun., 2018.
[2] T. Aste	́ et al., “Downlink beamforming avoiding DOA estimation for cellular mobile communications,” in Proc. IEEE ICASSP, May 1998, pp. 3313–3316.
[3] M. Jordan, X. Gong, and G. Ascheid, “Conversion of the spatio-temporal correlation from uplink to downlink in FDD systems,” in Proc. IEEE WCNC, Apr. 2009, pp. 1–6.

Array manifold based transformation [2]Interpolation-Extrapolation based [1]

Existing work only for arrays of similar size and small frequency separation

Antenna diff. index

UL cov
DL cov.

0 1 2 3 4

Correlation 
magnitude

Transformation 
matrix

UL Cov. 
Matrix

DL Cov. 
Matrix

E = Z
⇤
HW (1)

y ⇡ (FT ⌦Q
⇤)(Wc ⌦ Z)vec(E) + n (2)

 (3)

e = vec(E) (4)

minimize kekw,1

subject to ky � ek2  ✏
(P1)

T
⇤
RULT = RDL (5)

1



Multi-frequency communication set-up
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[43] A. Ö. Kaya, D. Calin, and H. Viswanathan. (2016) 28 GHz and 3.5 GHz Wireless Channels: Fading, Delay and Angular

Dispersion.

[44] R. C. Qiu and I.-T. Lu, “Multipath resolving with frequency dependence for wide-band wireless channel modeling,” IEEE

Trans. Veh. Technol., vol. 48, no. 1, pp. 273–285, 1999.

[45] K. Haneda, A. Richter, and A. F. Molisch, “Modeling the frequency dependence of ultra-wideband spatio-temporal indoor

radio channels,” IEEE Trans. Antennas Propag., vol. 60, no. 6, pp. 2940–2950, 2012.

[46] D. Dupleich, R. S. Thom, G. Steinb, J. Luo, E. Schulz, X. Lu, G. Wang et al., “Simultaneous multi-band channel sounding

at mm-Wave frequencies,” in Proc. Eur. Conf. Antennas Propag. (EuCAP), 2016, pp. 1–5.

[47] P. Ky, I. Carton, A. Karstensen, W. Fan, G. F. Pedersen et al., “Frequency dependency of channel parameters in urban

LOS scenario for mmwave communications,” in Proc. Eur. Conf. Antennas Propag. (EuCAP), 2016, pp. 1–5.

[48] K. Haneda, J.-i. Takada, and T. Kobayashi, “Experimental Investigation of Frequency Dependence in Spatio-Temporal

Propagation Behaviour,” in Proc. Eur. Conf. Antennas Propag. (EuCAP), 2007, pp. 1–6.

[49] V. Nurmela et al., “METIS Channel Models,” Mobile and wireless communications Enablers for the Twenty-twenty

Information Society, Tech. Rep., 2015.

[50] A. M. Sayeed, “Deconstructing multiantenna fading channels,” IEEE Trans. Signal Process., vol. 50, no. 10, pp. 2563–2579,

2002.

[51] A. Alkhateeb, G. Leus, and R. W. Heath Jr., “Compressed sensing based multi-user millimeter wave systems: How many

measurements are needed?” in Proc. IEEE Int. Conf. Acoust., Speech Signal Process. (ICASSP), April 2015, pp. 2909–2913.

[52] M. L. Bencheikh, Y. Wang, and H. He, “Polynomial root finding technique for joint DOA DOD estimation in bistatic

MIMO radar,” Signal Process., vol. 90, no. 9, pp. 2723–2730, 2010.

[53] M. Bengtsson and B. Ottersten, “Low-complexity estimators for distributed sources,” IEEE Trans. Signal Process., vol. 48,

no. 8, pp. 2185–2194, 2000.

[54] R. Keys, “Cubic convolution interpolation for digital image processing,” IEEE Trans. Acoust., Speech, Signal Process.,

vol. 29, no. 6, pp. 1153–1160, 1981.

[55] Z. Gao, L. Dai, Z. Wang, and S. Chen, “Spatially common sparsity based adaptive channel estimation and feedback for

FDD massive MIMO,” IEEE Trans. Signal Process., vol. 63, no. 23, pp. 6169–6183, 2015.

[56] M. Mishali and Y. C. Eldar, “Reduce and boost: Recovering arbitrary sets of jointly sparse vectors,” IEEE Trans. Signal

Process., vol. 56, no. 10, pp. 4692–4702, 2008.

[57] I. F. Gorodnitsky and B. D. Rao, “Sparse signal reconstruction from limited data using FOCUSS: A re-weighted minimum

norm algorithm,” IEEE Trans. Signal Process., vol. 45, no. 3, pp. 600–616, 1997.

RF Chain

DAC

Baseband

FOR SUBMISSION TO IEEE 30

[40] R. J. Weiler, M. Peter, T. Khne, M. Wisotzki, and W. Keusgen, “Simultaneous millimeter-wave multi-band channel sounding

in an urban access scenario,” in Proc. Eur. Conf. Antennas Propag. (EuCAP), May 2015, pp. 1–5.

[41] A. S. Poon and M. Ho, “Indoor multiple-antenna channel characterization from 2 to 8 GHz.” in Proc. IEEE Int. Conf.

Commun. (ICC), 2003, pp. 3519–3523.

[42] S. Jaeckel, M. Peter, K. Sakaguchi, W. Keusgen, and J. Medbo, “5G Channel Models in mm-Wave Frequency Bands,” in

Proc. Eur. Wireless Conf., May 2016, pp. 1–6.
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Estimate the cluster AoAs and ASs [2]

Estimate the power contribution of clusters

Construct the mmWave covariance

Only a few clusters can be estimated
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Parametric	approach:	estimate	covariance	parameters

Estimate the number of clusters [1]

[1] M. Wax and T. Kailath, “Detection of signals by information theoretic criteria,” IEEE Trans. Acoust., Speech, Signal Process., vol. 33, no. 2, pp. 387–392, Apr. 1985.
[2] M. Bengtsson and B. Ottersten, “Low-complexity estimators for distributed sources,” IEEE Trans. Signal Process., vol. 48, no. 8, pp. 2185–2194, Aug. 2000.
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N

Minimum description length criteria

Approach 1: Sub-6 GHz covariance translation



Estimate the power contribution of clusters

Construct the mmWave covariance

Only a few clusters can be estimated

Estimate the cluster AoAs and ASs [2]
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Construct the mmWave covariance

Only a few clusters can be estimated

Estimate the cluster AoAs and ASs [2]

Estimate the power contribution of clusters

21

Parametric	approach:	estimate	covariance	parameters

Estimate the number of clusters [1]

[1] M. Wax and T. Kailath, “Detection of signals by information theoretic criteria,” IEEE Trans. Acoust., Speech, Signal Process., vol. 33, no. 2, pp. 387–392, Apr. 1985.
[2] M. Bengtsson and B. Ottersten, “Low-complexity estimators for distributed sources,” IEEE Trans. Signal Process., vol. 48, no. 8, pp. 2185–2194, Aug. 2000.

Approach 1: Sub-6 GHz covariance translation
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Estimate the cluster AoAs and ASs [2]

Estimate the power contribution of clusters

Construct the mmWave covariance

Only a few clusters can be estimated

22

Parametric	approach:	estimate	covariance	parameters

Estimate the number of clusters [1]

[1] M. Wax and T. Kailath, “Detection of signals by information theoretic criteria,” IEEE Trans. Acoust., Speech, Signal Process., vol. 33, no. 2, pp. 387–392, Apr. 1985.
[2] M. Bengtsson and B. Ottersten, “Low-complexity estimators for distributed sources,” IEEE Trans. Signal Process., vol. 48, no. 8, pp. 2185–2194, Aug. 2000.

Approach 1: Sub-6 GHz covariance translation

Closed form expression for Gaussian PAS

Closed form expression of covariance evaluated 
for a the estimated AoA and ASs

w1,w2, · · · ,wNTX (13)

z1, z2, · · · , zNRX (14)

E = Z
⇤
HW (15)

y =  vec(E) + n (16)

✓1 ) p (17)

✓2 ) p (18)

✓N ) p (19)

✓1 ) p1 (20)

✓2 ) p2 (21)

✓N ) pN (22)

Re↵ = (1� ITX ⇥ IRX

Tc
)⇥R (23)

R̂m = P1R(✓1,�✓1) + ...+ PNR(✓N ,�✓N ) (24)

2

Cluster power

w1,w2, · · · ,wNTX (13)

z1, z2, · · · , zNRX (14)

E = Z
⇤
HW (15)

y =  vec(E) + n (16)

✓1 ) p (17)

✓2 ) p (18)

✓N ) p (19)

✓1 ) p1 (20)

✓2 ) p2 (21)

✓N ) pN (22)

Re↵ = (1� ITX ⇥ IRX

Tc
)⇥R (23)

R̂m = P1R(✓1,�✓1) + ...+ PNR(✓N ,�✓N ) (24)

Ri,j(✓,�✓) = e�((i�j)2⇡� cos(✓)�✓)2ej2⇡�(i�j) sin(✓) (25)

2



Approach 2: Sub-6 GHz aided mmWave cov. estimation 

23

In-band covariance estimation [1] Sub-6 GHz aided covariance estimation

Limited scattering Hermitian symmetry

Low computational complexity alternative to [1]

Weights obtained 
from sub-6 GHz

Weighted 
compressed 
covariance 
estimation

Training using structured random 
codebooks

Weighted compressed covariance estimation for MIMO systems 
[1] S. Park and R. W. Heath Jr, “Spatial Channel Covariance Estimation for the Hybrid MIMO Architecture: A Compressive Sensing Based Approach,” IEEE Trans. Wireless Commun., vol. 17, no. 12, 
pp. 8047– 8062, 2018.
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Simulation results

Compressed covariance

Translated covariance

24

Weighted compressed covariance

Sub-6 GHz info. improves the rate, especially for large TX-RX distance

Parameter Value

Sub-6	GHz frequency 3.5 GHz

Sub-6 GHz	bandwidth 150	MHz

MmWave frequency 28	GHz

MmWave	bandwidth 800	MHz

Sub-6 GHz	(TX/RX)	antennas 4/8

MmWave	(TX/RX)	antennas 32/64

MmWave	(TX/RX)	RF	chains 8/16



Qualifying exam feedback: How to use covariance?

25

Different ways to use covariance info. Result

Performance gap depends on the number of paths

Digital
baseband
precoder

RF
Chain

RF
Chain

Analog 
RF 

precoder

Covariance to configure RF and BB

Cov. to configure RF Inst. channel for BB

Option 1

Option 2

Same performance 
with fewer paths.

4 streams
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Contributions
Proposed a parametric covariance translation method

Proposed a weighted compressed covariance estimation method

Results

Sub-6 GHz aided covariance estimation has lower overhead

Depending on the TX/RX distance, one strategy may be 
preferred over the other
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Contribution III

A. Ali, N. Gonzalez-Prelcic, R. W. Heath Jr., and A. Ghosh, 
“Automotive radar as signals of opportunity for millimeter 
wave V2I links,” ASILOMAR, 2019 (invited paper). 

A. Ali, N. Gonzalez-Prelcic, R. W. Heath Jr., and A. Ghosh, 
“Passive Radar at the Roadside Unit to Configure 
Millimeter Wave V2I Links,” under preparation. 
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Red: Radar paths

Blue: Comm paths

Similarity expected in radar and comm. azimuth power spectrum (APS) 

Passive radar array
Communication array

NLOS ego vehicle

Automotive 
radars

Communication
arrays



Communication and radar system setup
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Hybrid mmWave system
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is feasible to use averaged covariance. The baseband can then be configured independently for

all sub-carriers.

IV. RADAR SYSTEM MODEL

The ego-vehicle - as shown in Fig. 2 - is equipped with multiple radars. We start by developing

the system model for a single radar and later incorporate transmissions from all the radars. An

FMCW radar system is shown in Fig. 4. We consider a fully digital architecture for the FMCW

radar. This is feasible as the angular information can be recovered from radars that operate at a

relatively slow rate. The INRAS radarbook XXX reference XXX is an example of a radar that has

two ADCs. The radarbook thus switches between these ADCs to recover the spatial covariance

of the channel. Furthermore, we are only interested in the spatial covariance which remains valid

for a longer period so a fully digital radar can be constructed to obtain this information

The FMCW signals are transmitted in chirps. For a single chirp, the transmitted signal is

x(t) =

p
Prsr(t)

=

p
Pr exp(j2⇡ (t)),  (t) = frt +

�t2

2
, 0  t < Tp, (5)

where sr(t) is the transmitted waveform, Pr is the transmit power, Tp is the pulse period and

 (t) is the linear time-varying phase with the initial frequency fr, and the chirp rate � =
Br
Tp

,

where Br is the radar bandwidth.

The received signal at the ith antenna due to a single reflector is

xi(t) = ↵x(t � ⌧i), (6)

where ↵ is the attenuated amplitude of the received signal. Further, the delay ⌧i has two

components i.e., ⌧i = ⌧ + ⌧ 0i , where ⌧ is a propagation time of the signal from the target

to the reference antennas and contains the delay due to distance. ⌧i is the time-delay of the wave

propagating from the reference antenna to the ith antenna element of the ULA i.e.,

⌧ 0i =
sin ✓(i � 1)

2fr
(7)

for half-wavelength inter-element spacing. Further, ✓ is an azimuth angle of the reflector.

XXX Should I change s(t) to sr(t) XXX
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Recover APS/covariance w/o waveform, correct bias, and measure similarity

Waveform knowledge in 
passive radar

Bias in angle estimation [1] Similarity metric

[1] J. Kim, J. Chun, and S. Song, “Joint Range and Angle Estimation for FMCW MIMO Radar and Its Application,” arXiv preprint arXiv:1811.06715, 2018.
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Lack of waveform knowledge at roadside unit
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1
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2
2⇡fr⌧ � pi�⌧2 + ✏

1
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fr +

�
2 t

�⌧
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fr +�f
✏
�⌧ +�f � �t

2
2⇡fr⌧ � pi�⌧2 + ✏

1

✓̂ 6= ✓
fr +

�
2 t

�⌧
2⇡fr⌧ � ⇡�⌧2

fr +�f
✏
�⌧ +�f � �t

2
2⇡fr⌧ � ⇡�⌧2 + ✏

1

Chirp rate

Phase of processed signal

Freq. of processed signal

Used in range estimation

Used in Doppler estimation

Proposed mixing

Freq. Phase

Freq. of processed signal

Random

Phase of processed signal

Random

No time dependence

Depends only on 
phase-difference 
across antennas

Proposed architecture has 
same spatial covariance as 

perfect waveform



Covariance correction to 
rectify bias

Bias correction for FMCW radar
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Established a connection with a well studied problem to correct the bias

Bias in FMCW Bias in frequency division 
duplex systems

True angleEstimated angle

✓̂ 6= ✓
fr +

�
2 t

�⌧
2⇡fr⌧ � ⇡�⌧2

fr +�f
✏
�⌧ +�f � �t

2
2⇡fr⌧ � ⇡�⌧2 + ✏

sin ✓̂ =
⇣
1 + Br

2fr

⌘
sin ✓

1

[1] M. Jordan, X. Gong, and G. Ascheid, “Conversion of the spatio-temporal correlation from uplink to downlink in FDD systems,” in Proc. IEEE WCNC, Apr. 2009, pp. 1–6.

Particularly problematic in large 
antenna systems 

Example:

✓̂ 6= ✓
fr +

�
2 t

�⌧
2⇡fr⌧ � ⇡�⌧2

fr +�f
✏
�⌧ +�f � �t

2
2⇡fr⌧ � ⇡�⌧2 + ✏

sin ✓̂ =

⇣
1 +

Br
2fr

⌘
sin ✓

256 antennas
fr = 76GHz

Br = 1.2GHz

1

Possibly null in the direction of 
true angle 

Same array in uplink 
and downlink

✓̂ 6= ✓
fr +

�
2 t

�⌧
2⇡fr⌧ � ⇡�⌧2

fr +�f
✏
�⌧ +�f � �t

2
2⇡fr⌧ � ⇡�⌧2 + ✏

sin ✓̂ =

⇣
1 +

Br
2fr

⌘
sin ✓

256 antennas
fr = 76GHz

Br = 1.2GHz

�/2

1

✓̂ 6= ✓
fr +

�
2 t

�⌧
2⇡fr⌧ � ⇡�⌧2

fr +�f
✏
�⌧ +�f � �t

2
2⇡fr⌧ � ⇡�⌧2 + ✏

sin ✓̂ =

⇣
1 +

Br
2fr

⌘
sin ✓

256 antennas
fr = 76GHz

Br = 1.2GHz

�/2

1

Array set to downlink 
wavelength, observations 
made in uplink

FOR SUBMISSION TO IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS 10

sin ✓̂ =
�DL

�UL
sin ✓ (17)

Now beamforming based on ✓̂ in DL is suboptimal, especially for a large number of antennas

as discussed earlier. Further, note that the biased AoA information is recovered from covariance

matrices. Covariance matrices, however, can be used for other purposes e.g., precoder/combiner

design based on singular value decomposition. As such, it is of interest to correct the covariance

matrices directly. This problem has been considered in the past for FDD systems and several

strategies have been proposed [6]–[11]. XXX prune this to only keep covariance correction

strategies, include the new reference from Caire XXX. Noting that the bias in the FMCW radar

has the same form as the FDD, we use a covariance correction strategy i.e., [11] in this work.

The strategy [11] is based on interpolation/extrapolation of the covariance for correction.

For convenience, we introduce the covariance function ⇢(�(i � j)) = [R]i,j . First note

that as the premultiplication constant in our case is always greater than one, we do not need

extrapolation and only interpolation. As the covariance is a complex function of its arguments,

there are two possible ways to perform interpolation, (i) interpolate/extrapolate real and imag-

inary parts separately, and (ii) interpolate the magnitude and phase separately. We continue by

interpolating/extrapolating the magnitude and phase functions separately, motivated by the natural

separation of terms into magnitude and phase [11]–[13]. The covariance magnitude for a clustered

channel is smooth and spline interpolation with the right choice of parameters will provide good

performance. The covariance function phase, i.e., arg(⇢), can be unambiguously determined only

in the interval (�⇡, ⇡]. That said, arg(⇢) increases - almost linearly - in the arguments of ⇢ and

hence the jumps of 2⇡ can be observed when the phase leaves this interval. For interpolation of

phase, the actual increasing phase needs to be reconstructed. Hence, the observed phase is first

unwrapped and then spline interpolated before it is re-sampled for covariance translation.

After the magnitude and phase are translated, they can be combined to obtain the translated

covariance matrix. The resulting covariance matrix, however, may lack positive-semidefiniteness,

i.e., a defining characteristic of covariance matrices. Therefore, given the matrix obtained by

the aforementioned translation strategy, henceforth called R̂I (the subscript indicating that the

correlation estimate is obtained by interpolation), we find the nearest covariance matrix by solving

DL wavelength

UL wavelength

Similar bias in FDD Antenna diff. index

Corrected covariance
Given covariance

0 1 2 3

Correlation magnitude

Why covariance?

Alternate uses (precoding based on 
singular vectors)

A cov. correction strategy [1]



Similarity metric to compare power spectra
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Role of 
system dimension

Why a similarity 
metric?

Need a similarity metric for spectra that informs about system performance 

Intuitive understanding of congruence but not formal

A metric that informs about the system performance

Useful also in sub-6 GHz aided mmWave and FDD

Over the air 4 antennas 32 antennas

Useful Not so useful



Proposed similarity metric
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Relation with rate

The proposed similarity metric for power spectra informs about relative rate 

Definition Intuitive explanation

[1] S. Park et. al., ``Spatial Channel Covariance Estimation for Hybrid Architectures Based on Tensor Decompositions”, submitted to IEEE Trans. Wireless Commun.

For two N point spectra        and 

is the index set of 
cardinality              

Consists of indices
of L largest entries of                    

N related to antennas, L to streams

Generally sim. increases 
(decreases) with L (N)

Similarity related with RPE

Dominant singular 
vectors of R1

Dominant singular 
vectors of R2

Similarity identical to RPE

Angles on DFT grid or infinite antennas

RPE related with rate [1]S normalized in [0,1]



[1] 3GPP, “Study on evaluation methodology of new Vehicle-to-Everything V2X use cases for LTE and NR,” 3GPP, TR 37.885, Sep. 2018, version 15.1.0.

Ray-tracing simulation scenario

35

Ray-tracing simulation consistent with 3GPP-V2X evaluation methodology

City, buildings, and vehicle 
position

Communication and radar

Rosslyn 
Virginia city

Cars and trucks in 4 lanes

Lane widths, car and truck ratio, 
inter-vehicle distance, lane speeds [1]

FOR SUBMISSION TO IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS 20

Roadside unit

Radar array

Communication array

NLOS ego-vehicle

Communication arrays

Automotive radars

FMCW

waveform

generator

Transmit

amplifier

Mixer

s(t)

LPF

Baseband

processing

⇥

precoding

RF chain

combining

⇡ 200 m

RSU

ego-vehicle

write based on BS and V not TX and RX

define everything before using it

XXX low pass filtering step needed or not (theoretically speaking not needed, but people

putting it, so why?)

XXX why not multiple with the signal received on the first antenna instead of cos?

subscript c on frequency should be rm according to Prof. Heath’s guidelines

abbreviations at the first use at the end of writeup

punctuation on all the equations

FOR SUBMISSION TO IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS 20

Roadside unit

Radar array

Communication array

NLOS ego-vehicle

Communication arrays

Automotive radars

FMCW

waveform

generator

Transmit

amplifier

Mixer

s(t)

LPF

Baseband

processing

⇥

precoding

RF chain

combining

⇡ 200 m

RSU

Ego-vehicle

write based on BS and V not TX and RX

define everything before using it

XXX low pass filtering step needed or not (theoretically speaking not needed, but people

putting it, so why?)

XXX why not multiple with the signal received on the first antenna instead of cos?

subscript c on frequency should be rm according to Prof. Heath’s guidelines

abbreviations at the first use at the end of writeup

punctuation on all the equations

Location of communication 
antennas on vehicle and RSU 

height [1]

Position of radars not 
standardized 

Used Audi A8 as an example
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Simulation result: Bias correction

36

Bias correction improves the similarity between radar and communication

Ns=L=1 Ns=L=4

Purpose

RPE and 
similarity metric 
behavior for off-

grid case

Bias correction 
benefit

Dependence on 
L and N

Simple set-up

Co-located 
antennas

Same frequency 
band

Proposed metric 
follows RPE

Gain by correction

Higher values 
compared to L=1



Simulation result: NLOS beam-selection
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Proposed radar assisted strategy particularly useful in NLOS scenario

Parameter Value

Radar	frequency 76	GHz

Communication	frequency 73	GHz

Antennas	at	RSU 128

Comm.	antennas	at	Vehicle 16

Radar	and	Communication	BW 1	GHz

GNSS	error 10	m

Transmit	power 30	dBm

Overhead reduction using radar

Higher rate with passive radar 
than position assisted search

Number of beams tried based 
on radar APS



Summary
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Contributions

Proposed a simplified radar receiver to recover spatial info.

Proposed a radar bias correction strategy

Proposed a similarity metric to compare power spectra

Results

Bias correction improves the similarity between radar and 
communication covariance

Passive radar assisted beam-selection has high rate in NLOS



Concluding remarks
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Result: Out-of-band aided mmWave link configuration has a low training 
overhead in comparison with in-band only link configuration. 

Sub-6 GHz assisted mmWave Radar assisted mmWave

Possible spatial congruence but array size vastly 
different

Beam-training with reduced 
overhead

Weighted 
compressed 

sensing

Structured 
random 

codebook

Covariance estimation

Parametric 
covariance 
translation

Hermitian-
sparse-

weighted 
recovery

Adjacent band but (i) signal 
processing challenges and (ii) non-

adjacent locations

Beam-training in mmWave

Simplified 
architecture

Bias 
correction

NLOS 
beam-
search



Future research directions
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Multiuser scenario

Experimental 
verification

Array geometry

Low resolution 
architectures

Sub-6 GHz assisted: Measured channels / Prototype

Radar assisted: Prototyping a passive radar based system

Planar array Circular array

Overlapping 
signature of multiple 

vehicles

RF-Chain
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Thank you!



Multi-frequency channel models
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Generate sub-6 GHz and mmWave channels for numerical evaluations
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.Ö

.K
ay

a,
D

.C
al

in
,a

nd
H

.V
is

w
an

at
ha

n.
(2

01
6)

28
G

H
z

an
d

3.
5

G
H

z
W

ire
le

ss
C

ha
nn

el
s:

Fa
di

ng
,D

el
ay

an
d

A
ng

ul
ar

D
is

pe
rs

io
n.

[4
4]

R
.C

.Q
iu

an
d

I.-
T.

Lu
,“

M
ul

tip
at

h
re

so
lv

in
g

w
ith

fr
eq

ue
nc

y
de

pe
nd

en
ce

fo
rw

id
e-

ba
nd

w
ire

le
ss

ch
an

ne
lm

od
el

in
g,

”
IE

EE

Tr
an

s.
Ve

h.
Te

ch
no

l.,
vo

l.
48

,n
o.

1,
pp

.2
73

–2
85

,1
99

9.

[4
5]

K
.H

an
ed

a,
A

.R
ic

ht
er

,a
nd

A
.F

.M
ol

is
ch

,“
M

od
el

in
g

th
e

fr
eq

ue
nc

y
de

pe
nd

en
ce

of
ul

tra
-w

id
eb

an
d

sp
at

io
-te

m
po

ra
li

nd
oo

r

ra
di

o
ch

an
ne

ls
,”

IE
EE

Tr
an

s.
An

te
nn

as
Pr

op
ag

.,
vo

l.
60

,n
o.

6,
pp

.2
94

0–
29

50
,2

01
2.

[4
6]

D
.D

up
le

ic
h,

R
.S

.T
ho

m
,G

.S
te

in
b,

J.
Lu

o,
E.

Sc
hu

lz
,X

.L
u,

G
.W

an
g

et
al

.,
“S

im
ul

ta
ne

ou
s

m
ul

ti-
ba

nd
ch

an
ne

ls
ou

nd
in

g

at
m

m
-W

av
e

fr
eq

ue
nc

ie
s,”

in
Pr

oc
.E

ur
.C

on
f.

An
te

nn
as

Pr
op

ag
.(

Eu
C

AP
),

20
16

,p
p.

1–
5.

[4
7]

P.
K

y,
I.

C
ar

to
n,

A
.

K
ar

st
en

se
n,

W
.

Fa
n,

G
.

F.
Pe

de
rs

en
et

al
.,

“F
re

qu
en

cy
de

pe
nd

en
cy

of
ch

an
ne

l
pa

ra
m

et
er

s
in

ur
ba

n

LO
S

sc
en

ar
io

fo
r

m
m

w
av

e
co

m
m

un
ic

at
io

ns
,”

in
Pr

oc
.E

ur
.C

on
f.

An
te

nn
as

Pr
op

ag
.(

Eu
C

AP
),

20
16

,p
p.

1–
5.

[4
8]

K
.

H
an

ed
a,

J.-
i.

Ta
ka

da
,

an
d

T.
K

ob
ay

as
hi

,
“E

xp
er

im
en

ta
l

In
ve

st
ig

at
io

n
of

Fr
eq

ue
nc

y
D

ep
en

de
nc

e
in

Sp
at

io
-T

em
po

ra
l

Pr
op

ag
at

io
n

B
eh

av
io

ur
,”

in
Pr

oc
.E

ur
.C

on
f.

An
te

nn
as

Pr
op

ag
.(

Eu
C

AP
),

20
07

,p
p.

1–
6.

[4
9]

V.
N

ur
m

el
a

et
al

.,
“M

ET
IS

C
ha

nn
el

M
od

el
s,”

M
ob

ile
an

d
w

ire
le

ss
co

m
m

un
ic

at
io

ns
En

ab
le

rs
fo

r
th

e
Tw

en
ty

-tw
en

ty

In
fo

rm
at

io
n

So
ci

et
y,

Te
ch

.R
ep

.,
20

15
.

[5
0]

A
.M

.S
ay

ee
d,

“D
ec

on
st

ru
ct

in
g

m
ul

tia
nt

en
na

fa
di

ng
ch

an
ne

ls
,”

IE
EE

Tr
an

s.
Si

gn
al

Pr
oc

es
s.,

vo
l.

50
,n

o.
10

,p
p.

25
63

–2
57

9,

20
02

.

[5
1]

A
.A

lk
ha

te
eb

,G
.L

eu
s,

an
d

R
.W

.H
ea

th
Jr

.,
“C

om
pr

es
se

d
se

ns
in

g
ba

se
d

m
ul

ti-
us

er
m

ill
im

et
er

w
av

e
sy

st
em

s:
H

ow
m

an
y

m
ea

su
re

m
en

ts
ar

e
ne

ed
ed

?”
in

Pr
oc

.I
EE

E
In

t.
C

on
f.

Ac
ou

st
.,

Sp
ee

ch
Si

gn
al

Pr
oc

es
s.

(I
C

AS
SP

),
A

pr
il

20
15

,p
p.

29
09

–2
91

3.

[5
2]

M
.

L.
B

en
ch

ei
kh

,
Y.

W
an

g,
an

d
H

.
H

e,
“P

ol
yn

om
ia

l
ro

ot
fin

di
ng

te
ch

ni
qu

e
fo

r
jo

in
t

D
O

A
D

O
D

es
tim

at
io

n
in

bi
st

at
ic

M
IM

O
ra

da
r,”

Si
gn

al
Pr

oc
es

s.,
vo

l.
90

,n
o.

9,
pp

.2
72

3–
27

30
,2

01
0.

[5
3]

M
.B

en
gt

ss
on

an
d

B
.O

tte
rs

te
n,

“L
ow

-c
om

pl
ex

ity
es

tim
at

or
s

fo
rd

is
tri

bu
te

d
so

ur
ce

s,”
IE

EE
Tr

an
s.

Si
gn

al
Pr

oc
es

s.,
vo

l.
48

,

no
.8

,p
p.

21
85

–2
19

4,
20

00
.

[5
4]

R
.

K
ey

s,
“C

ub
ic

co
nv

ol
ut

io
n

in
te

rp
ol

at
io

n
fo

r
di

gi
ta

l
im

ag
e

pr
oc

es
si

ng
,”

IE
EE

Tr
an

s.
Ac

ou
st

.,
Sp

ee
ch

,
Si

gn
al

Pr
oc

es
s.,

vo
l.

29
,n

o.
6,

pp
.1

15
3–

11
60

,1
98

1.

[5
5]

Z.
G

ao
,L

.D
ai

,Z
.W

an
g,

an
d

S.
C

he
n,

“S
pa

tia
lly

co
m

m
on

sp
ar

si
ty

ba
se

d
ad

ap
tiv

e
ch

an
ne

l
es

tim
at

io
n

an
d

fe
ed

ba
ck

fo
r

FD
D

m
as

siv
e

M
IM

O
,”

IE
EE

Tr
an

s.
Si

gn
al

Pr
oc

es
s.,

vo
l.

63
,n

o.
23

,p
p.

61
69

–6
18

3,
20

15
.

[5
6]

M
.M

is
ha

li
an

d
Y.

C
.E

ld
ar

,“
R

ed
uc

e
an

d
bo

os
t:

R
ec

ov
er

in
g

ar
bi

tra
ry

se
ts

of
jo

in
tly

sp
ar

se
ve

ct
or

s,”
IE

EE
Tr

an
s.

Si
gn

al

Pr
oc

es
s.,

vo
l.

56
,n

o.
10

,p
p.

46
92

–4
70

2,
20

08
.

[5
7]

I.
F.

G
or

od
ni

ts
ky

an
d

B
.D

.R
ao

,“
Sp

ar
se

si
gn

al
re

co
ns

tru
ct

io
n

fr
om

lim
ite

d
da

ta
us

in
g

FO
C

U
SS

:A
re

-w
ei

gh
te

d
m

in
im

um

no
rm

al
go

rit
hm

,”
IE

EE
Tr

an
s.

Si
gn

al
Pr

oc
es

s.,
vo

l.
45

,n
o.

3,
pp

.6
00

–6
16

,1
99

7.

M
m

W
av

e
Sy

st
em

Su
b-

6
G

H
z

Sy
st

em

R
F

C
ha

in

D
A

C
Receiver

Equal number of clusters Same mean angles Same angle spreads

MmWave cluster

Sub-6 GHz cluster

FO
R

SU
B

M
IS

SI
O

N
TO

IE
EE

30

[4
0]

R
.J

.W
ei

le
r,

M
.P

et
er

,T
.K

hn
e,

M
.W

is
ot

zk
i,

an
d

W
.K

eu
sg

en
,“

Si
m

ul
ta

ne
ou

sm
ill

im
et

er
-w

av
e

m
ul

ti-
ba

nd
ch

an
ne

ls
ou

nd
in

g

in
an

ur
ba

n
ac

ce
ss

sc
en

ar
io

,”
in

Pr
oc

.E
ur

.C
on

f.
An

te
nn

as
Pr

op
ag

.(
Eu

C
AP

),
M

ay
20

15
,p

p.
1–

5.

[4
1]

A
.

S.
Po

on
an

d
M

.
H

o,
“I

nd
oo

r
m

ul
tip

le
-a

nt
en

na
ch

an
ne

l
ch

ar
ac

te
riz

at
io

n
fr

om
2

to
8

G
H

z.
”

in
Pr

oc
.

IE
EE

In
t.

C
on

f.

C
om

m
un

.(
IC

C
),

20
03

,p
p.

35
19

–3
52

3.

[4
2]

S.
Ja

ec
ke

l,
M

.P
et

er
,K

.S
ak

ag
uc

hi
,W

.K
eu

sg
en

,a
nd

J.
M

ed
bo

,“
5G

C
ha

nn
el

M
od

el
s

in
m

m
-W

av
e

Fr
eq

ue
nc

y
B

an
ds

,”
in

Pr
oc

.E
ur

.W
ire

le
ss

C
on

f.,
M

ay
20

16
,p

p.
1–

6.

[4
3]

A
.Ö
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A channel generation strategy consistent with empirical observations
[1] 3GPP, “Study on channel model for frequencies from 0.5 to 100 GHz,” 3rd Generation Partnership Project (3GPP), TR 38.901 V14.1.1, July. 2017.



Time in sub-6 GHz assisted beam-training
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Sub-6 GHz assisted beam-training takes less time even with wait time

Millimeter wave (in-band)

Millimeter wave (out-of-band aided)

Sub-6 GHz

66 µs ⇥ 2 = 132 µs

4 µs ⇥ 16 ⇥ 64 = 4096 µs

1024 µs

187

Millimeter wave (Exhaustive search)

Millimeter wave (Proposed)

Sub-6 GHz

66 µs ⇥ 2 = 132 µs

4 µs ⇥ 16 ⇥ 64 = 4096 µs

132 µs + 1024 µs = 1156 µs

187

Millimeter wave (in-band)

Millimeter wave (out-of-band aided)

Sub-6 GHz

66 µs ⇥ 2 = 132 µs

4 µs ⇥ 16 ⇥ 64 = 4096 µs

132 µs + 1024 µs = 1156 µs

187

Millimeter wave (Exhaustive search)

Millimeter wave (Proposed)

Sub-6 GHz

66 µs ⇥ 2 = 132 µs

4 µs ⇥ 16 ⇥ 64 = 4096 µs

132 µs + 1024 µs = 1156 µs

187

66 µs ⇥ 2 = 132 µs

4 µs ⇥ 16 ⇥ 64 = 4096 µs

1024 µs

187

Millimeter wave (Exhaustive search)

Millimeter wave (Proposed)

Sub-6 GHz

66 µs ⇥ 2 = 132 µs

4 µs ⇥ 16 ⇥ 64 = 4096 µs

132 µs + 1024 µs = 1156 µs

187

Compressed beam-training overhead

LTE symbol duration

Transmit antennas

Delay in obtaining
Sub-6 GHz information

TX ant. X RX ant.

NR symbol duration



Simulation results: Single cluster with low spread

Compressed covariance

Translated covariance

45

Weighted compressed covariance

Parameter Value

Sub-6	GHz frequency 3.5 GHz

Sub-6 GHz	bandwidth 150	MHz

MmWave frequency 28	GHz

MmWave	bandwidth 800	MHz

Sub-6 GHz	(TX/RX)	antennas 4/8

MmWave	(TX/RX)	antennas 32/64

MmWave	(TX/RX)	RF	chains 8/16

Performance comparable to perfect covariance in limited scattering channels



Simulation results: Overhead for cov. estimation
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Parameter Value

Sub-6	GHz frequency 3.5 GHz

Sub-6 GHz	bandwidth 150	MHz

MmWave frequency 28	GHz

MmWave	bandwidth 800	MHz

Sub-6 GHz	(TX/RX)	antennas 4/8

MmWave	(TX/RX)	antennas 32/64

MmWave	(TX/RX)	RF	chains 8/16

Potentially 9X overhead reduction using sub-6 GHz information 



Loss in received SNR due to imperfect covariance

47

Bounds on loss

Error Model

SNR loss

Insight

zero singular values and span the signal subspace. For a single path channel, there is only

one non-zero singular value and only one singular vector spanning the signal subspace. The

columns of URX,n are the singular vectors associated with zero singular values and span the

noise subspace. The transmit covariance RTX also has a similar subspace decomposition.

I model the error in the estimated covariance as additive, i.e., the true covariance

matrix and the estimated covariance matrix di↵er by a perturbation �R such that R̂RX =

RRX +�RRX and R̂TX = RTX +�RTX. Now given the SNR with perfect covariance SNRR

and the SNR with imperfect covariance SNR
R̂
, the loss in the SNR, � is

� =
SNRR

SNR
R̂

. (3.15)

The approximate SNR loss in terms of the perturbations �RRX and �RTX is
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which can be bounded as
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where �max(·) and �min(·) represent the largest and smallest singular value of the argument.

The SNR loss in (3.16) is proportional to the alignment of the true signal subspace to

the column space of the perturbation matrix. Further, the results (3.17) and (3.18) give the

bounds on SNR loss explicitly in the form of the singular values of the perturbation matrices

�RRX and �RTX.

To verify the SNR loss analysis I consider two mmWave systems with NTX = NRX =

64 and NTX = NRX = 16 antennas. The number of RF chains in both cases is MTX =

30
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columns of URX,n are the singular vectors associated with zero singular values and span the

noise subspace. The transmit covariance RTX also has a similar subspace decomposition.

I model the error in the estimated covariance as additive, i.e., the true covariance

matrix and the estimated covariance matrix di↵er by a perturbation �R such that R̂RX =

RRX +�RRX and R̂TX = RTX +�RTX. Now given the SNR with perfect covariance SNRR

and the SNR with imperfect covariance SNR
R̂
, the loss in the SNR, � is

� =
SNRR

SNR
R̂

. (3.15)

The approximate SNR loss in terms of the perturbations �RRX and �RTX is
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, (3.16)

which can be bounded as
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, (3.17)

and
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◆
, (3.18)

where �max(·) and �min(·) represent the largest and smallest singular value of the argument.

The SNR loss in (3.16) is proportional to the alignment of the true signal subspace to

the column space of the perturbation matrix. Further, the results (3.17) and (3.18) give the

bounds on SNR loss explicitly in the form of the singular values of the perturbation matrices

�RRX and �RTX.

To verify the SNR loss analysis I consider two mmWave systems with NTX = NRX =

64 and NTX = NRX = 16 antennas. The number of RF chains in both cases is MTX =

30

SNR, � is

� =
SNRR

SNR
R̂

= kÛRX,sk2kÛTX,sk2
. (3.30)

The SNR loss (3.30SNR degradation due to covariance mismatchequation.3.6.30)

is given in terms of the vectors that span the estimated channel subspace. In

the following theorem, we give the loss explicitly in terms of the perturbations

�RRX and �RTX.

Theorem 3.6.2. The loss in the SNR � can be written approximately as
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and can be bounded as
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and
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�
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, (3.33)

where �max(·) and �min(·) represent the largest and smallest singular value of

the argument.

Proof. See Appendix A.2Proof of Theorem 3.6.2thm.3.6.2section.1.2.

The SNR loss expression (3.31equation.3.6.31) admits a simple expla-

nation. The loss is proportional to the alignment of the true channel subspace

to the column space of the perturbation matrix. If the true channel subspace

97

Loss proportional to the alignment of channel subspace 
with the perturbation subspace
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Angle dependent phase offset in comm. Angle dependent phase offset in FMCW

Additional phase variation causes bias in FMCW radar
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