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Overview

We proposed a spatial channel covariance estimation method

for hybrid analog/digital architecture

over spatially sparse frequency-selective channels

based on higher-order tensor decompositions
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Background
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Fully digital architecture
(Conventional MIMO)

Hybrid analog/digital architecture
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Compromise between 
complexity and performance

High complexity & power consumption 
due to ADC/DACs in RF chains

Hybrid analog/digital architecture
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Spatial channel covariance information

Hybrid precoding design based on 
instantaneous full CSIT

Hybrid precoding design based on 
spatial channel covariance information

Analog 
precoding

FRF

Instantaneous full CSI 
of the entire channel matrix H

…Baseband 
precoding

FBB

H
Analog 

precoding

FRF

…Baseband 
precoding

FBB

H

Heff =HFRF

Instantaneous CSI of 
effective channel Heff

Spatial channel covariance of H 
(E[HH*])

difficult to obtain 
over time-varying channels

w/ reduced 
dimension

more feasible to estimate 
over time-varying channels

Both methods have similar spectral efficiency for spatially sparse channels



Is covariance estimation a challenging task?
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Covariance 
Estimator

- Input: x1,..,xT
- Output: Rx

Analog 
Combiner

W

y (= W*x)

Covariance 
Estimator

- Input: y1,..,yT
- Output: Rr

Fully digital processing Hybrid analog/digital processing

VS.x
(N× 1)

Rx = E[xx⇤] ⇡ 1

T

TX

t=1

xtx
⇤
t

(M<< N)

x

Covariance estimation 
is not challenging

raw measurements
(Nant× 1 vectors)

low-dimensional projections
(MRF × 1 vectors)

How to estimate Rx with only yt’s ?
àchallenging

There are some prior work based on 
MUSIC/ESPIRT or compressive sensing
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Signal model and motivation
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Tensor signal model of wideband channel

Wideband channel vector
at subcarrier k & frame t an

te
nn

a 
(N

an
t)

The wideband channel can be represented as the CPD (Canonical polyadic decomposition) form of a 3D-tensor.

3D tensor signal model 
of wideband channel

(antenna, subcarrier, frame)

Space domain (antenna) Frequency domain (subcarrier) Time domain (frame)

an
te

nn
a 

(N
an

t) tim
e (

T frm
)

frequency (Ksbcr)

- t: frame index
- k: subcarrier index
- l: channel path index
- d: delay tap index
- NCP: cyclic prefix size
- Ksbcr: # of subcarriers
- Tfrm: # of frames
- Lch: # of channel paths
- gt,l: channel path gain
- Ts: sampling period
- τl : channel path delay
- ϕl : angle-of-arrival (AoA)
- pPS(t) : analog filter

Three factor 
matricesH 2 CNant⇥Ksbcr⇥Tfrm

<latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit><latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit><latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit><latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit>

an,` = [A]n,` ck,` = [C]k,` gt,` = [G]t,`

mode-1 factor matrix (Nant × Lch) mode-2 factor matrix (Ksbcr × Lch) mode-3 factor matrix (Tfrm× Lch)

ck,` =
NCP�1X

d=0

pPS(dTs � ⌧`)e
� j2⇡(k�1)d

Ksbcr

<latexit sha1_base64="cjbRzwGqJL0r/Rtcfnn940Ma5yk="></latexit><latexit sha1_base64="cjbRzwGqJL0r/Rtcfnn940Ma5yk="></latexit><latexit sha1_base64="cjbRzwGqJL0r/Rtcfnn940Ma5yk="></latexit><latexit sha1_base64="cjbRzwGqJL0r/Rtcfnn940Ma5yk="></latexit>

C =
⇥
c1 · · · cLch

⇤

=

2

64
c1,1 · · · c1,Lch

...
. . .

...
cKsbcr,1 · · · cKsbcr,Lch

3

75

<latexit sha1_base64="81wA8Y2KpQ4qGbtnXw1lIAf0CPs="></latexit><latexit sha1_base64="81wA8Y2KpQ4qGbtnXw1lIAf0CPs="></latexit><latexit sha1_base64="81wA8Y2KpQ4qGbtnXw1lIAf0CPs="></latexit><latexit sha1_base64="81wA8Y2KpQ4qGbtnXw1lIAf0CPs="></latexit>

G =
⇥
g1 · · · gLch

⇤

=

2

64
g1,1 · · · g1,Lch

...
. . .

...
gTfrm,1 · · · gTfrm,Lch

3

75

<latexit sha1_base64="Ey+33wTN2V8rOFVaHKM13Li5w8g="></latexit><latexit sha1_base64="Ey+33wTN2V8rOFVaHKM13Li5w8g="></latexit><latexit sha1_base64="Ey+33wTN2V8rOFVaHKM13Li5w8g="></latexit><latexit sha1_base64="Ey+33wTN2V8rOFVaHKM13Li5w8g="></latexit>

A =
⇥
a1 · · · aLch

⇤

=
⇥
a(�1) · · · a(�Lch)

⇤
<latexit sha1_base64="Jm01uYSH545MbTCf7lL5Uo0xxdA="></latexit><latexit sha1_base64="Jm01uYSH545MbTCf7lL5Uo0xxdA="></latexit><latexit sha1_base64="Jm01uYSH545MbTCf7lL5Uo0xxdA="></latexit><latexit sha1_base64="Jm01uYSH545MbTCf7lL5Uo0xxdA="></latexit>

where [H]n,k,t =
LchX

`=1

an,`ck,`gt,`
<latexit sha1_base64="xHBcsyxWmbJziagpsz8LpcgXKaE="></latexit><latexit sha1_base64="xHBcsyxWmbJziagpsz8LpcgXKaE="></latexit><latexit sha1_base64="xHBcsyxWmbJziagpsz8LpcgXKaE="></latexit><latexit sha1_base64="xHBcsyxWmbJziagpsz8LpcgXKaE="></latexit>



X =
LchX

`=1

b` � c` � g`

<latexit sha1_base64="otQMEE1Vz3lT8aHosKYzm7uq3T0="></latexit><latexit sha1_base64="otQMEE1Vz3lT8aHosKYzm7uq3T0="></latexit><latexit sha1_base64="otQMEE1Vz3lT8aHosKYzm7uq3T0="></latexit><latexit sha1_base64="otQMEE1Vz3lT8aHosKYzm7uq3T0="></latexit>

CPD (Canonical polyadic decomposition)
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Factorizing a tensor into a sum of component rank-one tensors

CPD � : outer product

Combination of the vectors from the rank-one components

Factor matrices

rank-one tensor

à All factor matrices have Lch columns. 

[X ]m,k,t =
LchX

`=1

bm,`ck,`gt,`
<latexit sha1_base64="6yrRdz9pFKI9cliygTxFAZuJyWw="></latexit><latexit sha1_base64="6yrRdz9pFKI9cliygTxFAZuJyWw="></latexit><latexit sha1_base64="6yrRdz9pFKI9cliygTxFAZuJyWw="></latexit><latexit sha1_base64="6yrRdz9pFKI9cliygTxFAZuJyWw="></latexit>

B =
⇥
b1 · · · bLch

⇤
<latexit sha1_base64="dU5C1s4AByMNUhbTNEJwmRLJnHg="></latexit><latexit sha1_base64="dU5C1s4AByMNUhbTNEJwmRLJnHg="></latexit><latexit sha1_base64="dU5C1s4AByMNUhbTNEJwmRLJnHg="></latexit><latexit sha1_base64="dU5C1s4AByMNUhbTNEJwmRLJnHg="></latexit>

C =
⇥
c1 · · · cLch

⇤
<latexit sha1_base64="vnRa1DroqOzwD3S9hsf2/FpJGgA="></latexit><latexit sha1_base64="vnRa1DroqOzwD3S9hsf2/FpJGgA="></latexit><latexit sha1_base64="vnRa1DroqOzwD3S9hsf2/FpJGgA="></latexit><latexit sha1_base64="vnRa1DroqOzwD3S9hsf2/FpJGgA="></latexit>

G =
⇥
g1 · · · gLch

⇤
<latexit sha1_base64="i1TJh+Z/LzJkx0JDnhlDlFzM2hs="></latexit><latexit sha1_base64="i1TJh+Z/LzJkx0JDnhlDlFzM2hs="></latexit><latexit sha1_base64="i1TJh+Z/LzJkx0JDnhlDlFzM2hs="></latexit><latexit sha1_base64="i1TJh+Z/LzJkx0JDnhlDlFzM2hs="></latexit>

àThis is the only possible combination of rank-one tensors that sums to the given tensor 
with the exception of two types of indeterminacy: scaling and permutation.Uniqueness

of CPD 
1) Scaling indeterminacy :

2) Permutation indeterminacy :

X =
LchX

`=1

b` � c` � g`

<latexit sha1_base64="BPHXMQInSL05F2h4xa4aBtXMg6E="></latexit><latexit sha1_base64="BPHXMQInSL05F2h4xa4aBtXMg6E="></latexit><latexit sha1_base64="BPHXMQInSL05F2h4xa4aBtXMg6E="></latexit><latexit sha1_base64="BPHXMQInSL05F2h4xa4aBtXMg6E="></latexit>

X = [[B,C,G]] , X = [[B�B,C�C,G�G]] for any diagonal matrices satisfying �B�C�G = I
<latexit sha1_base64="1mdjfzSCakQCBtkQLJ0aSwry9Qs="></latexit><latexit sha1_base64="1mdjfzSCakQCBtkQLJ0aSwry9Qs="></latexit><latexit sha1_base64="1mdjfzSCakQCBtkQLJ0aSwry9Qs="></latexit><latexit sha1_base64="1mdjfzSCakQCBtkQLJ0aSwry9Qs="></latexit>

X = [[B,C,G]] , X = [[B⇧,C⇧,G⇧]] for any permutation matrix ⇧
<latexit sha1_base64="xU+E/u8SmoEcleSQgEadOINWKMw="></latexit><latexit sha1_base64="xU+E/u8SmoEcleSQgEadOINWKMw="></latexit><latexit sha1_base64="xU+E/u8SmoEcleSQgEadOINWKMw="></latexit><latexit sha1_base64="xU+E/u8SmoEcleSQgEadOINWKMw="></latexit>

If a higher-order tensor has a low tensor rank, its CPD is unique under some mild constraints.

tensor rank



Tensor signal model for hybrid architecture
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… … 

Wideband channel Rx baseband signal
for hybrid architecture

mode-1 unfolding of �

… … 
=[ W* ]⇥

(MRF × Nant ) (Nant × KsbcrTfrm ) (MRF × KsbcrT frm)

mode-1 unfolding of �

mode-1 fibers of � mode-1 fibers of �

mode-1 unfolding
(mode-1 matricization)

mode-1 unfolding
(mode-1 matricization)

mode-1 fibers of �

=[ W* ]⇥

=[ W* ]⇥

…

( MRF × Nant) (Nant × 1 )(MRF × 1 )

mode-1 fibers of �

……

H 2 CNant⇥Ksbcr⇥Tfrm
<latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit><latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit><latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit><latexit sha1_base64="PHzeaVoO0pz9c9FNIGZ+qBbe8eA="></latexit>

X 2 CMRF⇥Ksbcr⇥Tfrm
<latexit sha1_base64="aH1r8DnAYkIsm9Kcv4BQLQk09yY="></latexit><latexit sha1_base64="aH1r8DnAYkIsm9Kcv4BQLQk09yY="></latexit><latexit sha1_base64="aH1r8DnAYkIsm9Kcv4BQLQk09yY="></latexit><latexit sha1_base64="aH1r8DnAYkIsm9Kcv4BQLQk09yY="></latexit>

H(1) 2 CNant⇥KsbcrTfrm

<latexit sha1_base64="IzCBwlJ92ZDHCOt+Ggzo34qrjoQ="></latexit><latexit sha1_base64="IzCBwlJ92ZDHCOt+Ggzo34qrjoQ="></latexit><latexit sha1_base64="IzCBwlJ92ZDHCOt+Ggzo34qrjoQ="></latexit><latexit sha1_base64="IzCBwlJ92ZDHCOt+Ggzo34qrjoQ="></latexit>

X = H⇥1 W
⇤ = [[B,C,G]]

<latexit sha1_base64="YzZernYjOci2U2MXN/p/EHeZh+A="></latexit><latexit sha1_base64="YzZernYjOci2U2MXN/p/EHeZh+A="></latexit><latexit sha1_base64="YzZernYjOci2U2MXN/p/EHeZh+A="></latexit><latexit sha1_base64="YzZernYjOci2U2MXN/p/EHeZh+A="></latexit>

X(1) = W
⇤
H(1) = B (G�C)T

<latexit sha1_base64="6DTPAdoZncrWzynN/c7HlDfV6TE="></latexit><latexit sha1_base64="6DTPAdoZncrWzynN/c7HlDfV6TE="></latexit><latexit sha1_base64="6DTPAdoZncrWzynN/c7HlDfV6TE="></latexit><latexit sha1_base64="6DTPAdoZncrWzynN/c7HlDfV6TE="></latexit>

W 2 CNant⇥MRF : analog combining matrix

B = W⇤A 2 CMRF⇥Lch : e↵ective array response matrix
<latexit sha1_base64="WHWlDjBYU9o2IkCaiDHm9hVssv0="></latexit><latexit sha1_base64="WHWlDjBYU9o2IkCaiDHm9hVssv0="></latexit><latexit sha1_base64="WHWlDjBYU9o2IkCaiDHm9hVssv0="></latexit><latexit sha1_base64="WHWlDjBYU9o2IkCaiDHm9hVssv0="></latexit>

X(1) 2 CMRF⇥KsbcrTfrm

<latexit sha1_base64="PzR7mRPET9Jf1nPQ83FVifWBz5g="></latexit><latexit sha1_base64="PzR7mRPET9Jf1nPQ83FVifWBz5g="></latexit><latexit sha1_base64="PzR7mRPET9Jf1nPQ83FVifWBz5g="></latexit><latexit sha1_base64="PzR7mRPET9Jf1nPQ83FVifWBz5g="></latexit>
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Proposed method



analog 
combiner
W*

(MRF × Nant)

H = [[A,C,G]]
<latexit sha1_base64="ARCnxovaT81qI/a38khCBo8AEC4="></latexit><latexit sha1_base64="ARCnxovaT81qI/a38khCBo8AEC4="></latexit><latexit sha1_base64="ARCnxovaT81qI/a38khCBo8AEC4="></latexit><latexit sha1_base64="ARCnxovaT81qI/a38khCBo8AEC4="></latexit>

X = [[B,C,G]]
<latexit sha1_base64="balS9XyCDEZWSABwVlSfOwfRjNA="></latexit><latexit sha1_base64="balS9XyCDEZWSABwVlSfOwfRjNA="></latexit><latexit sha1_base64="balS9XyCDEZWSABwVlSfOwfRjNA="></latexit><latexit sha1_base64="balS9XyCDEZWSABwVlSfOwfRjNA="></latexit>

B = W⇤A
<latexit sha1_base64="TrnozvuqoC7mE8y5OMbL0zpy9z8="></latexit><latexit sha1_base64="TrnozvuqoC7mE8y5OMbL0zpy9z8="></latexit><latexit sha1_base64="TrnozvuqoC7mE8y5OMbL0zpy9z8="></latexit><latexit sha1_base64="TrnozvuqoC7mE8y5OMbL0zpy9z8="></latexit>

Measurements 
at baseband

X 2 CMRF⇥Ksbcr⇥Tfrm
<latexit sha1_base64="4p2X+W+6jaEKNosf3BL4tmf6g0I="></latexit><latexit sha1_base64="4p2X+W+6jaEKNosf3BL4tmf6g0I="></latexit><latexit sha1_base64="4p2X+W+6jaEKNosf3BL4tmf6g0I="></latexit><latexit sha1_base64="4p2X+W+6jaEKNosf3BL4tmf6g0I="></latexit>

X
<latexit sha1_base64="SHkx532PiB5kWnx62j/PX85t+Do="></latexit><latexit sha1_base64="SHkx532PiB5kWnx62j/PX85t+Do="></latexit><latexit sha1_base64="SHkx532PiB5kWnx62j/PX85t+Do="></latexit><latexit sha1_base64="SHkx532PiB5kWnx62j/PX85t+Do="></latexit>

Relationship between     and      in hybrid architecturesX
<latexit sha1_base64="DmJ+35gpT7P8iLTQbbLcMFLOwOc="></latexit><latexit sha1_base64="DmJ+35gpT7P8iLTQbbLcMFLOwOc="></latexit><latexit sha1_base64="DmJ+35gpT7P8iLTQbbLcMFLOwOc="></latexit><latexit sha1_base64="DmJ+35gpT7P8iLTQbbLcMFLOwOc="></latexit>

H
<latexit sha1_base64="kO4BXghjZtbaRPogv1EXTlVf4Hg="></latexit><latexit sha1_base64="kO4BXghjZtbaRPogv1EXTlVf4Hg="></latexit><latexit sha1_base64="kO4BXghjZtbaRPogv1EXTlVf4Hg="></latexit><latexit sha1_base64="kO4BXghjZtbaRPogv1EXTlVf4Hg="></latexit>

H 2 CNant⇥Ksbcr⇥Tfrm
<latexit sha1_base64="UuHquaH3KCmQtyXrcYVxweQx+wY="></latexit><latexit sha1_base64="UuHquaH3KCmQtyXrcYVxweQx+wY="></latexit><latexit sha1_base64="UuHquaH3KCmQtyXrcYVxweQx+wY="></latexit><latexit sha1_base64="UuHquaH3KCmQtyXrcYVxweQx+wY="></latexit>

Rh =
1

KsbcrTfrm

KsbcrX

k=1

TfrmX

t=1

H(:, k, t)H(:, k, t)⇤

=
1

KsbcrTfrm
A (G⇤G}C⇤C)A⇤

<latexit sha1_base64="HoXbp63+myFyEG5xSnoI0K97JhI="></latexit><latexit sha1_base64="HoXbp63+myFyEG5xSnoI0K97JhI="></latexit><latexit sha1_base64="HoXbp63+myFyEG5xSnoI0K97JhI="></latexit><latexit sha1_base64="HoXbp63+myFyEG5xSnoI0K97JhI="></latexit>

Spatial channel covariance matrixinput
output

Goal: Estimate the spatial channel covariance matrix Rh for a given measurement tensor �

Step 1. CPD of      

{B̂, Ĉ, Ĝ}
<latexit sha1_base64="PS43xALmVJ7Nr6b6p1uKbqdw+9Y="></latexit><latexit sha1_base64="PS43xALmVJ7Nr6b6p1uKbqdw+9Y="></latexit><latexit sha1_base64="PS43xALmVJ7Nr6b6p1uKbqdw+9Y="></latexit><latexit sha1_base64="PS43xALmVJ7Nr6b6p1uKbqdw+9Y="></latexit>

X
<latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit><latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit><latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit><latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit>

input output

diagonal matrices 
satisfying ΔBΔCΔG = I

permutation 
matrix 

actual factor 
matrices of �

Relationship between {B,C,G} and {B̂, Ĉ, Ĝ}
<latexit sha1_base64="zyWMGr+T58xY19On9OoQfZKPZCA="></latexit><latexit sha1_base64="zyWMGr+T58xY19On9OoQfZKPZCA="></latexit><latexit sha1_base64="zyWMGr+T58xY19On9OoQfZKPZCA="></latexit><latexit sha1_base64="zyWMGr+T58xY19On9OoQfZKPZCA="></latexit>

B̂ ⇡ B⇧�B

Ĉ ⇡ C⇧�C

Ĝ ⇡ G⇧�G
<latexit sha1_base64="PFHFkHzws2YF9g6dGAiPr8OnaNs="></latexit><latexit sha1_base64="PFHFkHzws2YF9g6dGAiPr8OnaNs="></latexit><latexit sha1_base64="PFHFkHzws2YF9g6dGAiPr8OnaNs="></latexit><latexit sha1_base64="PFHFkHzws2YF9g6dGAiPr8OnaNs="></latexit>

à Both permutation and scaling indeterminacy 

su
b-

go
al

X
<latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit><latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit><latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit><latexit sha1_base64="mdavfVGcNoL0n/r7e9LFYg7ykr8="></latexit>
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Overall framework

Step 2. Estimation of A

{Â, �̂B}
<latexit sha1_base64="bdmE6rwYwLdn19zbfnVejec3sUw="></latexit><latexit sha1_base64="bdmE6rwYwLdn19zbfnVejec3sUw="></latexit><latexit sha1_base64="bdmE6rwYwLdn19zbfnVejec3sUw="></latexit><latexit sha1_base64="bdmE6rwYwLdn19zbfnVejec3sUw="></latexit>

input output

permutation 
matrix

actual factor 
matrix of �

Relationship between A and Â
<latexit sha1_base64="auFWMaU/WGgRvDd4edeKByWyxDA="></latexit><latexit sha1_base64="auFWMaU/WGgRvDd4edeKByWyxDA="></latexit><latexit sha1_base64="auFWMaU/WGgRvDd4edeKByWyxDA="></latexit><latexit sha1_base64="auFWMaU/WGgRvDd4edeKByWyxDA="></latexit>

Â ⇡ A⇧
<latexit sha1_base64="TZ/oJrr4qTH9J0eIi2ByhtzL+SU="></latexit><latexit sha1_base64="TZ/oJrr4qTH9J0eIi2ByhtzL+SU="></latexit><latexit sha1_base64="TZ/oJrr4qTH9J0eIi2ByhtzL+SU="></latexit><latexit sha1_base64="TZ/oJrr4qTH9J0eIi2ByhtzL+SU="></latexit>

à Only permutation indeterminacy 

su
b-

go
al

B̂
<latexit sha1_base64="P8b0xbTcbNAajgD+vFdmC7ItrSA="></latexit><latexit sha1_base64="P8b0xbTcbNAajgD+vFdmC7ItrSA="></latexit><latexit sha1_base64="P8b0xbTcbNAajgD+vFdmC7ItrSA="></latexit><latexit sha1_base64="P8b0xbTcbNAajgD+vFdmC7ItrSA="></latexit>

Step 3. Calculation of Rh

{Â, �̂B, Ĉ, Ĝ}
<latexit sha1_base64="TOKyE6w0MiTosUIi++vJhbxZCeg="></latexit><latexit sha1_base64="TOKyE6w0MiTosUIi++vJhbxZCeg="></latexit><latexit sha1_base64="TOKyE6w0MiTosUIi++vJhbxZCeg="></latexit><latexit sha1_base64="TOKyE6w0MiTosUIi++vJhbxZCeg="></latexit>

input output
R̂h

<latexit sha1_base64="Aw/l4Gk/EqvWjKrItoTTS/7WkeU="></latexit><latexit sha1_base64="Aw/l4Gk/EqvWjKrItoTTS/7WkeU="></latexit><latexit sha1_base64="Aw/l4Gk/EqvWjKrItoTTS/7WkeU="></latexit><latexit sha1_base64="Aw/l4Gk/EqvWjKrItoTTS/7WkeU="></latexit>

Relationship between Rh and R̂h
<latexit sha1_base64="/aYNH/QtkZksq0pZuJfbdvBM/n4="></latexit><latexit sha1_base64="/aYNH/QtkZksq0pZuJfbdvBM/n4="></latexit><latexit sha1_base64="/aYNH/QtkZksq0pZuJfbdvBM/n4="></latexit><latexit sha1_base64="/aYNH/QtkZksq0pZuJfbdvBM/n4="></latexit>

à No indeterminacy 

R̂h ⇡ Rh
<latexit sha1_base64="lBcCLz1ej8+aEydCSyF8gY5DWQo="></latexit><latexit sha1_base64="lBcCLz1ej8+aEydCSyF8gY5DWQo="></latexit><latexit sha1_base64="lBcCLz1ej8+aEydCSyF8gY5DWQo="></latexit><latexit sha1_base64="lBcCLz1ej8+aEydCSyF8gY5DWQo="></latexit>

Actual spatial channel 
covariance matrix

su
b-

go
al



Step 1. CPD by ALS (Alternating Least Squares)
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Problem 
formulation

Solution
(by using ALS) Re

pe
at

* Equivalent form 
(using the Frobenius norms of 
mode-n unfolding matrices)

* Solution of sub-step 1

Note.  ALS guarantees convergence to a local (not global) optimal solution

Goal Estimate {B̂, Ĉ, Ĝ} for a given X
<latexit sha1_base64="TMp9SGJSCLQn3RKfvFk5h/TLdz0="></latexit><latexit sha1_base64="TMp9SGJSCLQn3RKfvFk5h/TLdz0="></latexit><latexit sha1_base64="TMp9SGJSCLQn3RKfvFk5h/TLdz0="></latexit><latexit sha1_base64="TMp9SGJSCLQn3RKfvFk5h/TLdz0="></latexit>

{B̂, Ĉ, Ĝ} = argmin
B̊,C̊,G̊

���X � [[B̊, C̊, G̊]]
���

<latexit sha1_base64="hKshLv9VHfQK3q/5GYGHzeIUf3A="></latexit><latexit sha1_base64="hKshLv9VHfQK3q/5GYGHzeIUf3A="></latexit><latexit sha1_base64="hKshLv9VHfQK3q/5GYGHzeIUf3A="></latexit><latexit sha1_base64="hKshLv9VHfQK3q/5GYGHzeIUf3A="></latexit>

���X � [[B̊, C̊, G̊]]
��� = kX(1) � B̊(G̊� C̊)TkF

= kX(2) � C̊(G̊� B̊)TkF
= kX(3) � G̊(C̊� B̊)TkF

<latexit sha1_base64="o6MgM06OTErVUkZbjCpK094N538="></latexit><latexit sha1_base64="o6MgM06OTErVUkZbjCpK094N538="></latexit><latexit sha1_base64="o6MgM06OTErVUkZbjCpK094N538="></latexit><latexit sha1_base64="o6MgM06OTErVUkZbjCpK094N538="></latexit>

Sub-step 1. Fix C̊ and G̊. Then, update B̊ argmin
B̊
kX(1) � B̊(G̊� C̊)TkF

Sub-step 2. Fix B̊ and G̊. Then, update C̊ argmin
C̊
kX(2) � C̊(G̊� B̊)TkF

Sub-step 3. Fix B̊ and C̊. Then, update G̊ argmin
G̊
kX(3) � G̊(C̊� B̊)TkF

<latexit sha1_base64="kRMcuRZMNnUQRIkWNNjTaxUbnOc="></latexit><latexit sha1_base64="kRMcuRZMNnUQRIkWNNjTaxUbnOc="></latexit><latexit sha1_base64="kRMcuRZMNnUQRIkWNNjTaxUbnOc="></latexit><latexit sha1_base64="kRMcuRZMNnUQRIkWNNjTaxUbnOc="></latexit>

B̊ = X(1)

✓⇣
G̊� C̊

⌘T
◆†

= X(1)

✓⇣
G̊� C̊

⌘⇣
G̊⇤G̊} C̊⇤C̊

⌘†
◆C

<latexit sha1_base64="RLTh/1oKZAb4ERErkVKmL2hjZ1I="></latexit><latexit sha1_base64="RLTh/1oKZAb4ERErkVKmL2hjZ1I="></latexit><latexit sha1_base64="RLTh/1oKZAb4ERErkVKmL2hjZ1I="></latexit><latexit sha1_base64="RLTh/1oKZAb4ERErkVKmL2hjZ1I="></latexit>
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Problem 
formulation

Solution

(by using a
correlation-

based method)

Goal

Step 2. Estimation of A
Estimate {Â, �̂B} for a given B̂

<latexit sha1_base64="dO7D4dxNgMLW5kOZLsci1247sbk="></latexit><latexit sha1_base64="dO7D4dxNgMLW5kOZLsci1247sbk="></latexit><latexit sha1_base64="dO7D4dxNgMLW5kOZLsci1247sbk="></latexit><latexit sha1_base64="dO7D4dxNgMLW5kOZLsci1247sbk="></latexit>

à Find ϕ that minimizes the vector angle between       andb̂`
<latexit sha1_base64="Kj+3OaV8rlYjmKA44L4BZkPIzXE="></latexit><latexit sha1_base64="Kj+3OaV8rlYjmKA44L4BZkPIzXE="></latexit><latexit sha1_base64="Kj+3OaV8rlYjmKA44L4BZkPIzXE="></latexit><latexit sha1_base64="Kj+3OaV8rlYjmKA44L4BZkPIzXE="></latexit>

W⇤a(�)
<latexit sha1_base64="CeEWXr9/7Uo4uCfC6tXhhtUWeco="></latexit><latexit sha1_base64="CeEWXr9/7Uo4uCfC6tXhhtUWeco="></latexit><latexit sha1_base64="CeEWXr9/7Uo4uCfC6tXhhtUWeco="></latexit><latexit sha1_base64="CeEWXr9/7Uo4uCfC6tXhhtUWeco="></latexit>

:  The NantLch complex-valued elements are determined by Lch real-valued variables 

à structured matrix a(�) : array response vector

One-dimensional 
search

Scaling-related information



Step 3. Calculation of spatial channel covariance
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Problem 
formulation

Calculation

… 

mode-1
unfolding

- mode-1 : space (antenna) domain
- mode-2 : frequency (subcarrier) domain 
- mode-3 : time (frame) domain

Goal

A ⇡ Â⇧⇤
<latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit><latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit><latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit><latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit>

C ⇡ Ĉ��1
C ⇧⇤

<latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit><latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit><latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit><latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit>

G ⇡ Ĝ��1
G ⇧⇤

<latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit><latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit><latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit><latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit>

While {Â, Ĉ, Ĝ} are known, {⇧,�C,�G} are unknown.
<latexit sha1_base64="RmcKRRcIr7pc8/vh51ttSpHCSpc="></latexit><latexit sha1_base64="RmcKRRcIr7pc8/vh51ttSpHCSpc="></latexit><latexit sha1_base64="RmcKRRcIr7pc8/vh51ttSpHCSpc="></latexit><latexit sha1_base64="RmcKRRcIr7pc8/vh51ttSpHCSpc="></latexit>

How to estimate Rh ?

Rh =
1

KsbcrTfrm
A (G⇤G}C⇤C)A⇤

⇡ 1

KsbcrTfrm
Â⇧⇤

⇣
⇧(�⇤

G)�1Ĝ⇤Ĝ��1
G ⇧⇤ }⇧(�⇤

C)
�1Ĉ⇤Ĉ��1

C ⇧⇤
⌘
⇧Â⇤

=
1

KsbcrTfrm
Â(�⇤

G)�1(�⇤
C)

�1
⇣
Ĝ⇤Ĝ} Ĉ⇤Ĉ

⌘
��1

G ��1
C Â⇤

⇡ 1

KsbcrTfrm
Â�̂⇤

B

⇣
Ĝ⇤Ĝ} Ĉ⇤Ĉ

⌘
�̂BÂ

⇤

<latexit sha1_base64="ASal21aVr9TOXUKncn7P5ucLQBc="></latexit><latexit sha1_base64="ASal21aVr9TOXUKncn7P5ucLQBc="></latexit><latexit sha1_base64="ASal21aVr9TOXUKncn7P5ucLQBc="></latexit><latexit sha1_base64="ASal21aVr9TOXUKncn7P5ucLQBc="></latexit>

Estimate R̂h for a given {Â, �̂B, Ĉ, Ĝ}
<latexit sha1_base64="/D4mWDAyxq+87QUgmF2HXyZcWrc="></latexit><latexit sha1_base64="/D4mWDAyxq+87QUgmF2HXyZcWrc="></latexit><latexit sha1_base64="/D4mWDAyxq+87QUgmF2HXyZcWrc="></latexit><latexit sha1_base64="/D4mWDAyxq+87QUgmF2HXyZcWrc="></latexit>

H
<latexit sha1_base64="VoxJHPpEqKJ5BdKr4PlSfyx63Hg="></latexit><latexit sha1_base64="VoxJHPpEqKJ5BdKr4PlSfyx63Hg="></latexit><latexit sha1_base64="VoxJHPpEqKJ5BdKr4PlSfyx63Hg="></latexit><latexit sha1_base64="VoxJHPpEqKJ5BdKr4PlSfyx63Hg="></latexit>

H(1)
<latexit sha1_base64="xyJ8eyj+YIDcYVVNgoXrl+F87LI="></latexit><latexit sha1_base64="xyJ8eyj+YIDcYVVNgoXrl+F87LI="></latexit><latexit sha1_base64="xyJ8eyj+YIDcYVVNgoXrl+F87LI="></latexit><latexit sha1_base64="xyJ8eyj+YIDcYVVNgoXrl+F87LI="></latexit>

Rh =
1

KsbcrTfrm
H(1)H

⇤
(1) =

1

KsbcrTfrm
A (G⇤

G}C
⇤
C)A⇤

<latexit sha1_base64="E6sZHj2Qren+hM7F/O31rLDojcQ="></latexit><latexit sha1_base64="E6sZHj2Qren+hM7F/O31rLDojcQ="></latexit><latexit sha1_base64="E6sZHj2Qren+hM7F/O31rLDojcQ="></latexit><latexit sha1_base64="E6sZHj2Qren+hM7F/O31rLDojcQ="></latexit>

A ⇡ Â⇧⇤
<latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit><latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit><latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit><latexit sha1_base64="lZevCh8EHNcVfApcgP+LrWddEQc="></latexit>

C ⇡ Ĉ��1
C ⇧⇤

<latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit><latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit><latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit><latexit sha1_base64="2WmSrvEtkmxcaBAvkHxd9HwIb8Y="></latexit>

G ⇡ Ĝ��1
G ⇧⇤

<latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit><latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit><latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit><latexit sha1_base64="ypkPUbpCKP/UJ4Y/nespeGKP15o="></latexit>

�B ⇡ �̂B
<latexit sha1_base64="VQCuLppki2EcrhUFuz9sL7eZH7c="></latexit><latexit sha1_base64="VQCuLppki2EcrhUFuz9sL7eZH7c="></latexit><latexit sha1_base64="VQCuLppki2EcrhUFuz9sL7eZH7c="></latexit><latexit sha1_base64="VQCuLppki2EcrhUFuz9sL7eZH7c="></latexit>

�B�C�G = I
<latexit sha1_base64="/f+CICQjUrFz5I2SmGMTRpTFdrA="></latexit><latexit sha1_base64="/f+CICQjUrFz5I2SmGMTRpTFdrA="></latexit><latexit sha1_base64="/f+CICQjUrFz5I2SmGMTRpTFdrA="></latexit><latexit sha1_base64="/f+CICQjUrFz5I2SmGMTRpTFdrA="></latexit>

⇧�1 = ⇧⇤
<latexit sha1_base64="hiPIjnYWW+qZQKRF4Oxccv7cC5Y="></latexit><latexit sha1_base64="hiPIjnYWW+qZQKRF4Oxccv7cC5Y="></latexit><latexit sha1_base64="hiPIjnYWW+qZQKRF4Oxccv7cC5Y="></latexit><latexit sha1_base64="hiPIjnYWW+qZQKRF4Oxccv7cC5Y="></latexit>
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Simulation results

- NANT (# of antennas at BS) = 64
- MRF (# of RF chains at BS) = 8
- Lch (# of channel paths) = 6, 7, or 8
- Ksbcr (# of subcarriers) = 128
- NCP (CP size) = 32
- Ngrid (# of CS grids) = 256
- Single antenna at MS
- Filter: sinc function (in time)
- SNR = 0 dB or -10 dB
- Analog combining matrix : Random

. Element-wise amplitude = 1 ([W]i.j=1)

. Element-wise phase : uniform [0~2pi] 

Simulation environments

MUSIC-based method: Performance degrades rapidly as Lch approaches MRF
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CS-based method: Performance is not good at low SNR

Tr
⇣
U⇤

R̂
RUR̂

⌘

Tr (U⇤
RRUR)

 
=

PL
i=1 �̂iPL
i=1 �i

!

sum of eigenvalues (ideal)

sum of eigenvalues (estimated)

Performance metric

SNR -10 dBSNR 0 dB
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Conclusions
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Proposed spatial channel covariane estimation 
for hybrid architectures

Spatially sparse freqeuncy-selective channels

Good in particualr when
1) the number of RF chains decreases apporaching 

the number of channel paths
2) SNR is low 

Assumption:

Key ideas: Uniqueness of CPDLow-rank tensor

Performance:
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Thank you !


